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A NOTE ON CHANGEMAKER LATTICES AND ALEXANDER
POLYNOMIALS OF LENS SPACE KNOTS
JACOB CAUDELL
Abstract. We give an alternative proof of a recent theorem of Tange using the technology
of changemaker lattices. Specifically, for K ⊂ S3 a non-trivial knot with a lens space surgery,
we give constraints on the Alexander polynomial of K and the lens space surgery when the
coefficient of T g(K)−2 in ∆K(T ) is non-zero.
1. Introduction
Let K ⊂ S3 be a knot and p/q ∈ Q ∪ {1/0} a slope on the torus boundary of S3 − ν(K).
Denote by K(p/q) the result of p/q-framed Dehn surgery on K. A knot is said to be a lens
space knot if it admits a surgery to a lens space. Denote by Tr,s the (r, s)-torus knot.
It is well-known that the symmetrized Alexander polynomial of a lens space knot takes the
form
∆K(T ) = (−1)r +
r∑
j=1
(−1)j−1(Tnj + T−nj ),
for some sequence of integers g = n1 > n2 > . . . > nr > 0 [6, Corollary 1.3]. Furthermore, it
has been known for some time that n2 = g − 1 [4, 7]. Much more recently, Tange proved the
following:
Theorem 1 ([8]). Let K ⊂ S3 be a non-trivial knot with K(p) a lens space. If n3 = g − 2,
then ∆K(T ) = ∆T2,2g+1(T ), and K(p)
∼= T2,2g+1(p).
This theorem, an affirmative answer to a question of Teragaito, improves upon a list of
criteria that Tange proved are each individually equivalent to the condition that ∆K(T ) =
∆T2,2g+1(T ) for K a lens space knot [7, Theorem 1.11]. In this note, we offer an alternative
proof of Theorem 1 using the technology of changemaker lattices.
1.1. Conventions. All manifolds are smooth and oriented. Let U denote the unknot in S3.
The lens space L(p, q) is oriented as −U(p/q). Homology groups are taken with coefficients
in Z. For L a lattice, AL denotes the Gram matrix for L with respect to an implied basis.
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Figure 1. A Kirby diagram of X(p, q).
2. Preliminaries
2.1. Input from lattice theory. Here we recall some elementary facts about lattices per-
taining to lens space surgeries.
2.1.1. Linear lattices. Let p and q be integers, with p > q > 0. The improper fraction p/q
admits a unique continued fraction expansion
p/q = [x1, x2, . . . , xn]
− = x1 − 1
x2 − 1. . .− 1
xn
with each xi ≥ 2 an integer. The lens space L(p, q) is the oriented boundary of the negative
definite 4-manifold X(p, q) given by attaching 4-dimensional 2-handles to a linear chain of n
unknots in the boundary of B4, where the framing of the ith handle attachment is −xi. The
linear lattice Λ(p, q) is the free module H2(X(p, q)) equipped with its intersection form. It is
presented by the linking matrix of the surgery diagram in Figure 1, namely
AΛ(p,q) =

−x1 1 0 0
1 −x2 1 . . . 0
0 1 −x3 0
...
. . . 1
0 0 0 1 −xn
 .
Denote by x[k] a list of k x′s, as in [. . . , 2[3], . . .]− = [. . . , 2, 2, 2, . . .]−.
2.1.2. Changemaker lattices. Let {e0, e1, . . . , en} be an orthonormal basis for −Zn+1. A vector
σ ∈ −Zn+1 is said to be a changemaker if σ0 = 0 or 1, and for every 1 ≤ i ≤ n,
(1) σi−1 ≤ σi ≤
i−1∑
j=0
σj + 1.
A negative definite rank n lattice L is said to be a changemaker lattice if L embeds in −Zn+1
as the orthogonal complement to a changemaker σ.
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There is an equivalent and coordinate-free characterization of the changemaker condition
that is more suggestive of its context in Floer-theoretic considerations. Denote the character-
istic elements of −Zn+1 by Char(−Zn+1), where
Char(−Zn+1) = {c ∈ −Zn+1|〈c, v〉 ≡ 〈v, v〉 (mod 2)} =
{ n∑
i=0
αiei|αi ≡ 1 (mod 2) for all i
}
.
Denote by Chari(−Zn+1) the set of characteristic elements of self-pairing −(n + 1) − 8i,
where elements of Char0(−Zn+1) = {±1}n+1 are commonly referred to as short characteristic
elements. Then, σ is a changemaker if and only if {〈c, σ〉|c ∈ Char0(−Zn+1)} contains all
integers j with j ≡ 〈σ, σ〉 (mod 2) and |j| ≤ |σ|1 [3, Proposition 3.1].
2.2. Input from Heegaard Floer homology. The utility of changemaker lattices relies on
the relationship between the Alexander polynomial of a lens space knot K ⊂ S3, HF+(K(0)),
and the correction terms of K(p) [5, Theorem 6.1]. For i a non-negative integer, define the
ith torsion coefficient of a knot K ⊂ S3 with Alexander polynomial ∆K(T ) =
∑
ajT
j by
ti(K) =
∞∑
j=1
jai+j .
The following proposition contains the facts about torsion coefficients we will need in our
proof.
Proposition 2. Let K ⊂ S3 be a lens space knot (or more generally an L-space knot).
• {ti(K)} is a non-increasing sequence of non-negative integers that determines ∆K(T ).
• ti(K) = 0 if and only if g(K) ≤ i.
• ti(K) = 1 if and only if n3 ≤ i ≤ g(K)− 1.
Proof. Recall that
∆K(T ) = (−1)r +
r∑
j=1
(−1)j−1(Tnj + T−nj ), n1 = g(K), n2 = g(K)− 1.
All of these facts then follow from the observation that
ti(K)− ti+1(K) =
∑
{j|nj≥i+1}
(−1)j−1,
which is either 0 or 1. 
We now state, without proof, specializations of [3, Lemma 2.5 and Theorem 3.3] in the case
K(p) ∼= L(p, q).
Theorem 3. If K(p) ∼= L(p, q), then Λ(p, q) embeds as the orthogonal complement to a
changemaker σ ∈ −Zn+1 with 〈σ, σ〉 = −p and σ0 = 1. Moreover,
(2) c2 + (n+ 1) ≤ −8ti(K)
for all |i| ≤ p/2 and c ∈ Char(−Zn+1) such that 〈c, σ〉 + p ≡ 2i (mod 2p). Furthermore, for
each |i| ≤ p/2 there exists c attaining equality in (2).
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3. An alternative proof of Theorem 1
Our proof of Theorem 1 follows from Lemmas 4 and 5.
Lemma 4. If K is non-trivial, K(p) ∼= L(p, q), and n3 = g(K)− 2, then σn = 2.
Lemma 5. If σ is a changemaker with σn = 2 and (σ)
⊥ is a linear lattice, then σ =
(1, 2, . . . , 2) or σ = (1, 1, 1, 2, . . . , 2).
Proof of Theorem 1. Observe that
A(1,2,...,2)⊥ =

−5 1 0 0 0
1 −2 1 . . . 0 0
0 1 −2 0 0
...
. . .
...
0 0 0 . . . −2 1
0 0 0 1 −2

, A(1,1,1,2,...,2)⊥ =

−2 1 0 0 0
1 −2 1 0 . . . 0
0 1 −3 1 0
0 0 1 −2 ...
...
. . . 1
0 0 0 . . . 1 −2

.
Let g = g(K). The torus knot T2,2g+1 admits two integral Dehn surgeries to lens spaces:
T2,2g+1(4g+1) ∼= L(4g+1, g) and T2,2g+1(4g+3) ∼= L(4g+3, 3g+2). Furthermore, (4g+1)/g =
[5, 2[g−1]]− and (4g + 3)/(3g + 2) = [2, 2, 3, 2[g−1]]−. By [1, Theorem 3], if Λ(p, q) ∼= Λ(p′, q′)
then p = p′ and q = q′ or qq′ ≡ 1 (mod p) (cf. [3, Proposition 3.6]). Since σ then determines
both {ti(K)} and the oriented homeomorphism type of K(p), we conclude that ∆K(T ) =
∆T2,2g+1(T ), p = 4g + 1 or p = 4g + 3, and K(p)
∼= T2,2g+1(p). 
Proof of Lemma 4. For 0 ≤ i ≤ p/2, Theorem 3 allows us to compute
ti(K) = min{k|〈c, σ〉+ p ≡ 2i (mod 2p) for some c ∈ Chark(−Zn+1)}.
Suppose that σn ≥ 3. Let t ∈ {0, 1, . . . , n} be the minimum index for which σi ≥ 3. Since
σ is a changemaker, there exists A ⊂ {0, 1, . . . , n} such that ∑k∈A σk = σt − 3. We point out
that t 6∈ A. Let c =∑j 6∈A ej −∑k∈A ek + 2et. Then
p+ 〈c, σ〉 = p− |σ|1 + 2
∑
k∈A
σk − 2σt = p− |σ|1 − 6 = 2g − 6,
so tg−3(K) = 1. Since n3 = g − 2, ti(K) = 1 if and only if g − 2 ≤ i ≤ g − 1, and therefore
σn ≤ 2. Now, if σn = 1, then p = |〈σ, σ〉| = n+ 1 and g = p−|σ|12 = 0, so K = U . We conclude
that σn = 2. 
Proof of Lemma 5. Since σn = 2, there exists some index 1 ≤ k ≤ n for which σi = 1 if i ≤ k
and σj = 2 if k < j. If k ≥ 2, then (σ)⊥ admits the standard basis S = (v1, . . . , vn), where
vi = ei−1 − ei for i 6= k, and vk = ek−2 + ek−1 − ek. Consider the intersection graph on S,
G(S) = (V,E) where V = S, and (vi, vj) ∈ E if |〈vi, vj〉| = 1. (This is not the usual definition
of the edge set of an intersection graph, but is equivalent given that |〈vi, vi〉| = 2 for all but
one element of S.) If k ≥ 4, then the subgraph induced by {vk−3, vk−2, vk−1, vk} is a claw,
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which cannot occur as an induced subgraph of G(S) if (σ)⊥ is a linear lattice [2, Lemma 4.8].
If k = 2, then (σ)⊥ is decomposable. It is straightforward to verify that (σ)⊥ is a linear lattice
in either of the cases k = 1 or k = 3, as we have done in the proof of Theorem 1. 
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